Some classes of strongly perfect graphs  by Ravindra, G.
Discrete Mathematics 206 (1999) 197{203
www.elsevier.com/locate/disc
Some classes of strongly perfect graphs
G. Ravindra
Regional Institute of Education Mysore, 570 006, India
Received 26 June 1996; accepted 9 September 1998
Abstract
A graph is perfect if for each of its induced subgraphs H , the chromatic number of H is equal
to the maximum number of mutually adjacent vertices in it. A graph is ‘strongly perfect’ if each
of its induced subgraphs H contains an independent set which meets all the cliques (maximal
complete subgraphs) in it. Every strongly perfect graph is perfect but the converse is generally
not valid. For example, the complement of an even cycle of length at least 6 is not strongly per-
fect though it is perfect. The strongly perfect graphs form an interesting class of perfect graphs,
because the complement of a strongly perfect graph is not necessarily strongly perfect, unlike
the case with the perfect graphs and their relevance to the famous Berge’s strong perfect graph
conjecture which has been eluding a solution for more than three decades. Meyniel graphs,
line graphs that are free from some graphs, comparability graphs, costrongly perfect graphs are
some of the most important classes of strongly perfect graphs. Here, we summarize the
results concerning strongly perfect graphs. c© 1999 Published by Elsevier Science B.V. All
rights reserved
We consider only simple graphs. A graph is perfect [2] if for each of its induced
subgraphs H , the chromatic number of H is equal to the maximum number of mutu-
ally adjacent vertices in it. The perfect graphs were discovered by Berge during the
early 1960. Berge [3] conjectured that a graph is perfect i it does not contain an
odd cycle of length at least 5 or its complement as an induced subgraph. A graph is
called Berge [6] if it does not contain an odd cycle of length at least 5 or its comple-
ment as an induced subgraph. Thus, the conjecture of Berge can be stated as follows.
A graph G is perfect i G is Berge.
The conjecture is still an unsettled problem though it is solved for many classes of
graphs [7{9,11,13{15,28{30].
A graph is ‘strongly perfect’ if each of its induced subgraphs H contains an indepen-
dent set which meets all the cliques (maximal complete subgraphs) in H . The strongly
perfect graphs were also rst introduced by Berge at a Monday Seminar (MSH) Paris,
1978. In one of the Monday Seminars Berge posed the following problem:
Is every perfect graph strongly perfect?
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(However, the converse of this can easily be veried. See [4] or [28].) C6 (or C2n;
n>3) was the rst counterexample given by Ravindra to the above problem.
The strongly perfect graphs form an interesting class of perfect graphs because of
the following.
1. If a graph is perfect, then its complement is perfect (Lovasz perfect graph
theorem [12]). But, the complement of a strongly perfect graph is not necessar-
ily perfect. (For example, C2n; n>3, is perfect but not strongly perfect.)
2. In view of Ravindra’s conjecture [20] that every p-critical graph is sp-critical, the
strongly perfect graphs are closely related to the solution of the famous unsettled
Berge’s Perfect Graph Conjecture. (A graph G is p-critical (sp-critical) if G is
not perfect (strongly perfect) but every proper induced subgraph of G is perfect
(strongly perfect)).
3. A strongly perfect graph serves as one of the best mathematical model for a real
situation where one would like to choose an optimal set of leaders from a given
set of people [22].
Berge and Duchet [4], Ravindra [18,19], Chvatal [5] and Hoang [10], Ravindra and
Basavayya [1,27] have obtained several interesting results on strongly perfect graphs,
and they are all listed below as facts.
Fact 1 (Berge and Duchet [4]; Ravindra [18]). Every strongly perfect graph is
perfect.
Fact 2 (Berge and Duchet [4]; Ravindra [18]). Every P4-free graph is strongly
perfect.
Fact 3 (Berge [4]). Every triangulated graph is strongly perfect. (A graph is trian-
gulated if every cycle of length at least 4 has a chord.)
Fact 4 (Berge [4]). Every comparability graph is strongly perfect. (A graph is a
comparability graph if its edges are transitively orientable.)
Fact 5 (Berge [4]). A perfect graph G=(V; E) is strongly perfect i for every in-
duced subgraph H of G; no two families C =(C1; C2; : : : ; Ck) and D=(D1; D2; : : : ; D0k)
of maximal complete subgraphs of H (with possible repeated complete subgraphs) sat-
isfy jCj= jDj and jC(v)j>jD(v)j for all v2V . (C(v) is the subfamily of the cliques
of C which contain v. D(v) has the similar meaning.)
Fact 6 (Ravindra [19]). Every Meyniel graph is strongly perfect. (If every odd cycle
of length at least ve in a graph G has atleast two chords; then G is called a Meyniel
graph.)
Fact 7 (Ravindra [18]). The line graph L(G) of a graph G is strongly perfect if and
only if each of the following properties is true.
(i) Every block of G is either bipartite or K4 − e or Kp (36p64).
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Fig. 1.
(ii) If Cr and Cs are two even cycles such that V (Cr)\V (Cs) 6= ;; then
jV (Cr)\V (Cs)j is even.
(iii) If Ci and Cj are two disjoint even cycles in G; then all the paths in G con-
necting Ci and Cj are of odd length.
Fact 8 (Ravindra [18]). A line graph L(G) of G is strongly perfect i it does not
contain C2n+1 (n>2); or any one of the graphs in Fig. 1 as an induced subgraph.
Fact 9 (Rao and Ravindra [16]; Ravindra [18]). For a total graph T (G) the follow-
ing properties are equivalent:
(i) T (G) is strongly perfect.
(ii) T (G) is perfect.
(iii) Every block of G is either K2 or K3.
Fact 10 (Ravindra [21]). Every strongly perfect B-graph G contains a maximum in-
dependent set which meets all the maximal complete subgraphs of G. (A graph G is
a B-graph if every vertex of G is in a maximum independent set of G.)
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Fact 11 (Chvatal [5]). Every perfectly orderable graph is strongly perfect. (A graph
is perfectly orderable if its vertex set admits a linear order< such that no induced
P4: abcd has a<b; d<c:)
Fact 12 (Basavayya and Ravindra [1]). A line graph L(G) of a (0; 1)-graph G is
strongly perfect i it has no C2n+1; n>2; as an induced subgraph. (The (0; 1)-
graph of a (0; 1)-matrix A is the graph G(A) whose vertices are in 1{1 corre-
spondence with the set of 1’s in A and two vertices are adjacent in G(A) i the
corresponding 1’s lie in the same row or same column. G(A) is the (0; 1)-graph
of A.)
Fact 13 (Ravindra [27]). For a Cartesian product G of non-trivial graphs; the
following properties are equivalent.
(i) G is strongly perfect.
(ii) G is very strongly perfect.
(iii) G is bipartite.
(iv) G is perfectly orderable.
(A graph G is very strongly perfect if for each induced subgraph H of G; every vertex
of H is in an independent set of H which meets all the maximal complete subgraphs
of H.)
Fact 14 (Ravindra [27]). For a tensor product graph G; the following are equivalent.
(i) G is very strongly perfect.
(ii) G is strongly perfect.
(iii) G is a bipartite graph.
(iv) G is perfectly orderable.
Fact 15 (Hoang [10]). G is very strongly perfect i G is Meyniel.
Although Fact 5 gives a necessary and sucient condition for a graph to be strongly
perfect, there is no characterization of strongly perfect graphs in terms of forbidden
subgraphs (that is a complete set of sp-critical graphs is not known). However, some of
the forbidden subgraphs are identied by Ravindra ( C2n, graphs of the Fig. 1), Berge
(Fig. 2), Chvatal ((Fig. 3), personal communication to Ravindra), Maray (Fig. 4,
personal communication to Ravindra).
Further, with respect to K1;3-free graphs, Ravindra [19], has conjectured that C2n+1
(n>2); Cn (n>5) and the graphs of the Fig. 1 are the only sp-critical graphs.
Lovasz’s perfect graph theorem asserts that the complement of a perfect graph is
perfect. But the complement of a strongly perfect graph is not necessarily strongly
perfect. An even cycle of length at least 6 is strongly perfect but its complement
is not strongly perfect. So one would naturally be motivated to study those graphs
G such that G and G are strongly perfect. A graph G is called costrongly per-
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Fig. 2.
Fig. 3.
Fig. 4.
fect if G and G are strongly perfect. Costrongly perfect graphs were studied by
Ravindra and Basavayya [23{27] and the following are the results obtained by
them.
Fact 16 (Ravindra [23]). Every triangulated graph is costrongly perfect.
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Fig. 5.
Fact 17 (Ravindra and Basavayya [25,26]). A nearly bipartite graph is costrongly
perfect i it has no C2n; n>3 as an induced subgraph.
Fact 18 (Ravindra [24]). A line graph G is costrongly perfect i it does not contain
a cycle of length at least 5 or any one of the graphs of the Fig. 5 as an induced
subgraph.
Fact 19 (Ravindra and Basavayya [27]). Ln(G) is costrongly perfect for every n>1
if G=K1;3; K3; C4 or Pk .
Fact 20 (Ravindra and Basavayya [23]). The following properties are equivalent for
a total group T (G).
(i) T (G) is costrongly perfect.
(ii) T (G) is strongly perfect.
(iii) T (G) is perfect.
(iv) Every block of G is either K2 or K3.
Fact 21 (Ravindra and Basavayya [27]). For a Cartesian product G of nontrivial
graphs G1 and G2; the following properties are equivalent.
(i) G is costrongly perfect.
(ii) G is C2n (n>3)-free bipartite graph.
(iii) G1 or G2 is K2 and the other is a tree.
Fact 22 (Ravindra and Basavayya [27]). A tensor product graph G is costrongly per-
fect i G is C2n (n>3)-free bipartite graph.
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